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q ' Abstract 

Starting with its classical parafermion algebra, we consider the quantisa- 
i tion of the SL{2, R)/U{1) WZNW black hole model. 
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> ! 1 Introduction 

m , 

About ten years ago it was realised that certain 2d conformal field theories have 
a black-hole interpretation. Witten pointed out that a non-nilpotently gauged 
SL(2, R) Wess Zumino Novikov Witten (WZNW) theory describes a two dimen- 
sional Euclidean black hole. He also suggested that the theory may be integrable 
opening up the possibility of an exact quantisation of the black hole model. Gervais 
and Saveliev || went one step further. They noted that certain non-Abelian Toda 
theories also represent black holes. The importance of this observation is that the 
integrability of such (nilpotently-gauged WZNW) theories was not in doubt. Fur- 
thermore, even though these are 2d conformal field theories they can correspond 
to higher dimensional black holes. More precisely, certain nilpotently gauged B n 
WZNW theories contain n-dimensional black holes. With a view to performing an 
exact canonical quantisation Bilal || considered the simplest case, B 2 = 50(5), in 
some detail. The theory can be described via the Lagrangian 

7 2 £ = d z rd- z r + tanh 2 rd z td- z t + d z <f)d z <j) + cosh(2r)e 2 *, (1) 

where r is a positive scalar field, t an 'angular' field in that t and t + 2ir are identified 
and is a real scalar field, z = t + a and z = r — a are light cone coordinates and 
7 is a coupling constant. Using a general construction of Gervais and Savaliev one 
can write down explicitly the general solution to the classical equations of motion. 
This can be recast as a canonical transformation (CT) mapping the 'physical' r, t, <fr 
fields to three free fields <pi, 2 , 3 . The next step would be to 'promote' the CT to 
a quantum-mechanical operator identity exchanging physical and free fields. Such 
calculations are well known from Liouville theory [|], [5]. However the CT considered 
in is much more complicated than its Liouville counterpart (it takes several pages 
just to write it down). 
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The Lagrangian for the SL(2, R)/U(l) model is simpler 

7 2 £ = d z rd z r + tanh 2 rd z td z t. 



(2) 



In fact it is just the same as the B2 theory without the 'Liouville' <\> field. One can 
associate to the Lagrangian (0) a 'target space' metric 

ds 2 = {drf + tanh 2 r(dtf. (3) 

It is this that Witten interpreted as a 2d Euclidean black hole. One can regard 
the B2 theory as a black hole 'interacting' with Liouville 'matter'. Guided by the 
solution of the non-Abelian Toda theory Muller and Weigt deduced the solution 
of the SL(2, R) /U{1) model and gave a CT mapping the physical r and t fields onto 
two free fields 0i and 02- This work established that the theory is indeed integrable. 
To express the solution it is convenient to introduce the 'Kruskal' coordinates 

u = e lt sinh r, u = e~ lt sinh r. (4) 



The CT is 




(5) 

where the <pi = <fii{z) and <pi = <pi(z) denote respectively the chiral and anti-chiral 
part of a free field. The chiral object $ = &(z) is defined via the differential equation 

d&{z) = e~^ Mz) d z Mz)i (6) 

and similarly for $(z). 

2 Parafermion algebra 

Underlying the integrability of SL(2, R)/U(l) model is a set of 'parafermionic' chiral 
fields 

V± = \e ±iv {d z r ± % tanhrd z t) . (7) 

7 

v is defined through the differential equations 

d z v = (1 + tanh 2 r)<9 2 £, d z v = cosh~ 2 rd z t. (8) 

The integrability condition for these equations is one of the equations of motion. 
Using the other equation of motion it follows that the V± are chiral, i.e. d z V± = 0. 
Similarly, one can define a pair of anti-chiral parafermions. The chiral component 
of the energy momentum tensor has the Sugawara form 

T(z)=>fV + (z)V-(z). (9) 
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It turns out that the V±(z) are much simpler when written in terms of the free fields 

V±(z) = - (dzfaiz) ± id x <h(z)) exp (±2* 7 2 (^)) . (10) 
7 

The parafermions satisfy a closed Poisson bracket (PB) algebra. For concreteness 
let us fix the boundary conditions and the basic PB's of the free fields. We take 
spacetime to be S 1 x R so that we have periodicity in the spatial direction 

u(a + 27r,r) = u(a,r). (11) 

For the free fields we have the mode expansions 

m*) = Uk +^ L Pk+4 r E — e ~ mz > = \<k +^PK+4ri: — e_mi • 

(12) 

These fields are not periodic 

<pk(z + 2vr) = <j> k (z) + y , 0fe(^ - 2tt) = <j> k (z) - y , (13) 

where the are momentum zero modes. However, the /u// free fields, <f>i(z) + <f>i(z), 
are. The Fourier coefficients satisfy the PB relations 

{q k ,Pi} = Ski, {<$,<$} = -im5 kl S m+n0 , {q k , a$} = {p k , a$} = 0, (14) 

and similarly for the a^'s. 

Note that, like the 0j's, the V±'s are not periodic. When computing PB's and 
their quantum counterparts we prefer to deal with periodic objects. Thus instead 
of the V±'s we will consider 

W ± (z) = - (dMz) ± idzMz)) e 2 ^ z \ (15) 
7 

where ip 2 is <f) 2 with the momentum zero mode removed and the whole zero mode of 
the full free field included, i.e. <p 2 (z) = \q 2 + <t> 2 (z)\ P2= Q. These periodic parafermions 
obey the non-linear PB algebra 

{W ± (z),W ± (z')} = ^W^W^z'Mz-z'), (16) 
{W ± (z), W T (z')} = -?W ± {z)W^J)h{z -z') + ± (d z + ^) 5 2n (z - z'X,17) 
{P2,W ± (z')} = TUW±(z'), (18) 



where 



h(z) = (e 2n {z) - , (19) 
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is the periodic sawtooth function defined in terms of the (non-periodic) stairstep 
function e2 n (z) Q- $2n( z ) denotes the periodic delta function. Observe that the zero 
mode P2 enters into the algebra. Using @ and the parafermion algebra it is easy to 
see that the parafermions have conformal weight one 

{T(z), w ± (z')} = -^^(^o^^-^O+^^O^^^-^Ot^^^')^^-/). 

(20) 

One can also derive the Virasoro algebra 

{T(z),T(z')} = -d z/ T(z')5 27T (z - z') + 2T(z)d z 6 27T (z - z'). (21) 



3 Quantum parafermions 

Now we turn to the quantisation of the model. One could simply go ahead and 
try to quantise the CT (|5|). In Liouville theory locality and conformal invariance 
(i.e. the requirement that the exponentials are primary) were sufficient to uniquely 
fix the form of the quantum transformation. However, we now have double the 
number of degrees of freedom as in the Liouville case and so locality and conformal 
invariance are too weak. To fix the quantum transformation we will demand that 
the physical fields 'close' with respect to the parafermions as well as the energy 
momentum tensor. This will be explained in more detail in the next section. It is 
clear that we need to develop a quantum version of the parafermion algebra given 
in the last section. 

Our starting point for the quantisation of the parafermions will be the free field 
representation ([15]). The free fields can be quantised in the usual manner by defining 
commutators to be ih times the corresponding PB's. Let us define parafermion 
operators corresponding to (|15|) as 

W±(z) = - : (jidzM*) ± idz<h{z)) e ±2i ^ : . (22) 
7 

With a little bit of hindsight we have included a deformation parameter rj (rj — > 1 as 
h — > 0). As usual the colons denote normal ordering. To effect this we decompose 
the chiral free fields as follows 

= ~fc + + <f>t(z) + <f>l(z), (23) 

where _ 

±-^=E— e* M . (24) 



1 Z2n{ z ) — 2n + 1 for 27m < z < (2n + 2)ir which coincides with sign(z) for — 2ir < z < 2tt. 
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Normal ordering is defined by moving the + 's to the right of the <fi 's in all expres- 
sions. For the zero modes Hermitian normal ordering will be understood: 

: e 2 V(p) := e q fW q - (25) 

It now seems that all we have to do to determine the quantum parafermion algebra 
is to compute the commutators corresponding to the Poisson brackets ( |T^ , |l^ ,|r^) . 
Unfortunately, such objects appear to be ill-defined. For example, on computing 
[W + (z), one obtains meaningless contributions such as f(z — z')5 2n (z — z') 

where the derivative of f(z) diverges at z — 0. It is conceivable that some kind of UV 
renormalisation in addition to the normal ordering can 'cure' this problem. In a 
different tack was taken. By deforming the commutator a well defined parafermion 
algebra was derived. The starting point was the following operator identity 

U -1 + 2*1 

(26) 



D ihf 2 h+ (z~ z') p—ih^i 2 h (z—z 1 ) 

where 




h ± {z) = hi{z) T \og(Asin 2Z ^} (27) 

can be viewed as the positive and negative frequency parts of the saw-tooth function 
h(z), respectively (see the technical remarks at the end of this section). The left 
hand side of (|26"D reduces to a commutator in the limit % — > 0, while the right 
hand side is well defined. It is however not quite what we want, since the operator 
. e 2i-yift 2 (z) e 2i-yift 2 (z ) . canno t fog rewritten locally in terms of the parafermions as we 
would expect for a closed parafermion algebra. We can remove the offending term 
altogether by imposing the restriction 

rf - 1 + — = 0, (28) 

7T 

so that 

W + {z)W + {z>) _ W + (z>)W + (z) _ 
e ih7 2 h+(z-zi) e -ih-r 2 h-(z-z') u ' v zy J 



This is the quantum relation corresponding to the PB ([16]). To check this one can 
expand the exact formula in powers of % 

[W + {z), W+(z')} - ih~f 2 W + {z)W + {z')h{z - z') + 0{h 2 ) = 0. (30) 

Here we have used h(z) = h + (z) + h~(z) which follows immediately from fl27l) . The 
quantum relations corresponding to the other brackets are 



W-{z)W-(zf) _ W-(J)W-(z) 

£,ih / y 2 h+ (z—z') g— ih-y 2 h~ (z— z') 



0, (31) 



e -ih~y 2 h+(z-z') e thj 2 h-(z-z') j2 y z 2tT J 

[p 2 ,W ± (z)] = ±2h-fW±(z). (33) 
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As in the derivation of (|29f) it is necessary to impose fl28|) to eliminate extraneous 
operators. 

We now turn to the energy momentum tensor. Classically this is just a simple 
product of the parafermions, i.e. T(z) = ■y 2 W + (z)W_(z). This does not make sense 
at the quantum level. The way out is to define T(z) as a PB rather than a product. 
Consider 



{D z W + (z),W4z')} = 1 2 D z W + (z)W4z')h(z-z')-2T(z)6 2n (z-z' 

1 

2 



+-D% n (z-z') : (34) 
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where 

A* = 0* + -r— . (35) 
This is a perfectly good, albeit unwieldy, classical definition of T(z). The point 



is that we know how to 'quantise' such brackets. In fact fl3~4 ) is essentially the 



derivative of flT7| ) whose quantum analogue is (|32|). A detailed calculation yields 

zw + (^_(/) W-^o^vMj in / ft 7 2 \ n2jf ( , fvSS 

e -ih^h+{z-z>) e ih^h-(z~z') -Tf\ l + ^) U ^ 2 ^ Z ~ Z > W 

-2ihr, 2 L {d z 4>xf{z r ) : + : (d z <p 2 ) 2 (z') : + ^-d 2 z M^') + j^^j M* - z'). 

The second entry on the right hand side corresponds to the term — 2T(z')5 2n (z — z') 
of the classical PB ([34]) suggesting the following identification 

\*r~\ . , . fa a n2^n . , fry^fc) + ^7 2 



T(z) =: (<9 2 0i) 2 (^) : + : (<9,0 2 ) 2 (z) : + -^<9 2 <Mz) + (37) 



This is indeed the energy-momentum tensor of a free field theory with an additional 
improvement term. One can check that this obeys a Virasoro algebra. 

Classically the parafermions are primary fields of weight one. Quantum mechan- 
ically the commutator 

[T(z),W+(z')} = ih(l + ^^W4z')dJ 2n (z-z')-ihd z> W + (z')5 27r (z-z') 

+ p- : p 2 W + (z') : 5 2n (z - z') (38) 

shows that the quantum parafermions have the conformal weight 1 + h , y 2 /(2^). 

We end this section with some technical details relating to the derivation of the 
quoted operator identities (see also the appendix of @). The key formulae are the 
commutators for the (j)f(z) entering into the decomposition (^). A straightforward 
calculation gives 

fiW) = 0, ^f(z')] = -fajh^z - z% (39) 



where 



h±(z) = e ± (z) - |. (40) 

Here the e ± (z) denote the positive and negative frequency parts of the stairstep 
function, and have the Fourier representation 

y „• „-in(z—ie) ~ A p —in(z+ie) 

e + (z) = — + -J2- , e-{z) = — + -V- . (41) 

Note that we have included a convergence factor, e > 0, which should be retained 
until the end of all calculations. In the limit e — > (|D) agrees with our earlier 
definition fl27|) . We will also employ the 'split' delta functions |§ S + (z) = l/2d z e + (z) 

6 ^~A^ + 2^]^ e ( ~4^ + 2tt 1 - e -i(*-ie)' ^ 

and similarly = l/29^e~(2;), which have the property that S + (z) + — > 

^2tt(^) as e — >■ 0. 

Our parafermion operator ^ + (-2) can be written 

W+(z) = e-(z)u{z)e+(z), (43) 

where 

e± ( z ) = e^g^W = I (^0!(z) + i3^ 2 (s)) . (44) 
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A simple calculation (using e A e B = e B e j4 e' j4,B ' for [A, B] complex ) gives 

e -M-y 2 h + (*-*') W+ (z)W + (z') = e4z)u(z)e.(z')e + (z)u(z')e + (z'). (45) 

The right hand side is still not normal ordered; a little algebra yields 

e- ih ^ h+{z - z,) W + (z)W + (z') = : W + (z)W+(z') : 

+e_{z)e_{z')[v + {z\v-{z>)]e + {z)e + {z>) 
+e„(zMz),e„(z')Hz')e + (z)e + (z') 
+e-(z)e-(z')v(z)[e + (z),p(z')]e + (z') 
+e_(z)[v(z),e_(z')][e + (z),v(z>)]e + (z'), (46) 

where ju ± (z) = nd z (j)f(z) + id z (pf(z). Evaluating the commutators on the right 
hand side 



W+(z)W+(z f ) 



: W+(z)W+(z?) :+ih : (e 2illp2{z) W + {z')-W + {z)e 2i ^ zl) ) :5\z - z') 



+ . g^W^^) . _ _ + h 2 (S+( Z _ /)) 2> ) . (47) 
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Using the following identity 



5 + (z) 



(48) 



the right hand side of ([17]) can be written linearly in 5 + (z — z') and its derivative. 
This distribution becomes 5~(z — z') on exchanging z and z'. Thus, if we take ( (47| ) 
and subtract the equation obtained by exchanging z and z', we get 



+ 



ill 



2r 



T] - H 

7T 



: e 2i w 2 ^) e 2iW2{2,) : d z 5 2n {z - z'). (49) 



The first term on the right hand side is zero since the prefactor of the delta function 
tends to zero as z — ► z', and so ( p6|) follows immediately. The other operator 
identities can be obtained in a similar manner. 



4 Physical fields and metric 



We now sketch the quantisation of the physical fields. Classically u has conformal 
weight zero 

{T(z),u(z',z')} = -d z ,u{z\z')b^{z~z'). (50) 
One can also derive the following relation 

{V + (z),u(z',z')} = Z -^-V + (z)u(z',z')e 27r (z-z'). (51) 



We propose to use (|50"D and (|5TD as a basis for the quantisation of u. The {V-,u} 
bracket is more complicated (this does not reflect any disparity between V+ and V- 
since {V-,u} is likewise simpler than {V + ,u}). Quantum mechanically we expect 
u to have a non-zero conformal weight and that the quantum version of ([51]) will 
involve the kind of deformed commutator considered in the previous section. 

Finally, let us turn to the equal-time algebra of the physical fields. Classically we 
have the 'locality' relations 

{u(a, r), u(a', r)} = {u(a, r),u(a', r)} = {u(a, r), u{a\ r)} = 0, (52) 

whose quantum extensions are obvious. More interesting are the brackets 

{u(a, r), U(a', r)} = {u(a, r),u(a', r)} = 2 7 2 (1 + uu)5 2lT (a - a'). (53) 

The coefficient of the delta is clearly related to the target space metric. Writing ds 2 = 
g^ lu dx tJ- dx u , the coefficient can be identified with g uu = g uu . It would be interesting to 
compare the 'quantum metric' derived from the commutator [u(a, r), u(cr', r)] with 
the quantum deformations of the target space metric discussed in the literature 

10- 
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